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Abstraet-A set of governing equations for nonlinear theory of spatially curved elastic beams of thin-walled
open cross section composed of straight rectangular elements is presented explicitly in the Lagrangian
form. It is shown that local deformations. i.e. in-plane distortion of the cross section may easily be taken
into account by the use of the analytical model proposed by Epstein and Murray. The essential feature
which distinguishes the present work from Epstein and Murray's is the use of an auxiliary element when
the axial curve of beams is not located on the cross section. This enables us to select arbitrarily the axial
curve of rods. For the engineering theory of rods, the simplified governing equations for the nonlinear and
linear theories with and without local deformations are derived from the rigorous nonlinear theory by
employing the thinness assumption. It is also shown that the reduced linear theory without local
deformations agrees with the Vlasov theory.

I. INTRODUCTION

Thin-walled beams and beam-columns of open cross sections are apt to cause local defor
mations, i,e. the in-plane distortions of the cross section. Since these deformations have
remarkable effects on the strength of buckling, it is of practical importance to present a more
accurate nonlinear theory of rods involving such local deformations.

The previous work on the theory of rods can be classified into the following two categories:
(1) the one-dimensional theory reduced from the three-dimensional continuum theory[2-5] and
(2) the generalized continuum theory[4, 6]. In the former case, the deformed pattern of rods is
usually expressed by means of the power-series expansion with respect to the transverse
coordinates. With this approach it is possible to include local deformations by retaining the
higher order terms of power series. However, because of the extreame increase of the !lumber
of unknowns, such a method is very troublesome. In the latter case, it is relatively simple to
include local deformations by increasing the number of directors, provided that the appropriate
constitutive coefficients are determined. However, such a determination is not an easy task,
except for the physically meaningful directors in Epstein's sense[ll], because of the difficulty
in expressing physical relations between the deformations of directors taken arbitrarily and
those of the body.

Recently, Epstein and Murray[7] proposed an analytical model based on the use of a base
vector in each element of the cross section to develop the nonlinear theory for spatially curved
beams of thin-walled open cross sections consisting of straight rectangular elements. This
model seems to be promising in dealing with the local deformations since all the deformations
of the body can be expressed by changes of the base vector in each element. However, because
of the restriction that the axial curve must be selected on the middle line of one of the elements
of the cross section, their modeUs not applicable to cases in which the current axial curve of
rods is not located on an element of the cross section. These cases are examples of rods of
unsymmetric cross section, like a channel section, and rods with initial imperfection. Therefore
it is desirable to formulate the nonlinear theory of rods in which the axial curve may be selected
arbitrarily.
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In the present paper, a set of governing equations for the nonlinear theory of spatially
curved elastic beams of thin-walled open cross sections composed of straight rectangular
elements is formulated explicitly in the Lagrangian form. In this formulation, the Epstein and
Murray model is extended to include local deformations by getting rid of a certain number of
constraints. The essential feature which distinguishes the present work from Epstein and
Murray's is the generalization of the analytical model by the use of an auxiliary element when
the axial curve is not located on the middle line of one of the straight thin rectangular elements
and is the explicit formulation in the Lagrangian form. The generalized model enables one to
take arbitrarily the axial curve of rods.

For practical applications, the simplified governing equations for the nonlinear and linear
theories with and without local deformations are reduced from the rigorous nonlinear theory by
employing the assumption of thinness. It is shown that the reduced linear theory without local
deformations agrees with Vlasov theory, thus illustrating the reliability of the proposed model.
Finally, some numerical examples for the bending of elastic beams are presented.

As for tensor notations, Latin indices take the values of 1,2,3; whereas Greek indices eI, {3.
ft. on the axial coordinate system x take the values of 1, 2 and the indices {, 1), ~ on the local
coordinate system y take 0, 1, 2, ... n.

2. EXTENDED ANALYTICAL MODEL AND ASSUMPTIONS

Let us consider a spatially curved elastic and uniform thin-walled open cross section which
is composed of any number n of straight thin rectangular elements in a Euclidian 3-space. Now
if the cross section consists of curved elements instead of straight ones, it is possible to treat it
approximately by dividing the elements into a few straight elements.

In the present formulation the analytical model is extended from the one used by Epstein
and Murray so that the axial curve can be arbitrarily selected by the use of auxiliary element
when the axial curve is not located on the middle line of one of the straight, thin rectangular
elements, with the following rules: the base vectors T~ and local coordinates y~ based on
elements { in the cross section are prepared in much the same way as[7], if the axial curve C is
located on an element of the cross section. But if the axial curve is not located on an arbitrary
element of the cross section, it is necessary to prepare an auxiliary element as follows: the base
vector To in an auxiliary element 0 which is prepared at an arbitrary point 0 0 on the axial curve
C is taken into the direction of an arbitrary point 0 1 selected on the middle line of an arbitrary
elementl, as shown in Fig. 1, and the local coordinate yO originated from 0 0 which is called the
point of application of To increases in the direction of To-Subsequently the base vector T r in
element 1 is defined at the point 0/ along the middle line of element 1, and the local coordinate
y I with OJ as its point of origin is positive in the direction of T /. Thus a set of base vectors T,
and local coordinates l is defined at each element in the cross section in the same manner
as [7].

We suppose that the local deformations of the element itself are negligible. Therefore each
element has its straight element in the deformed state. If it is necessary to consider the
deformations of the element itself, we do so by assuming that each element has its own mode of
deformations or by increasing the number of the base vector by subdividing the element. But
since such a deformation is generally of a higher order of deformations of the body, we can
neglect it in practical application.

3. DEFORMATIONS OF THIN·WALLED OPEN CROSS SECTIONS

The coordinate systems x and yare prepared as shown in Fig. 1. The axial coordinate
system x is taken x3 into the axial curve and x"(a == 1,2) into the transverse axes of the cross
section as prescribed by the base vectors A". On the other hand, the coordinate systemy is
composed of the local coordinates y< defined on the middle line of each element { in the simply
connected cross section prescribed for the value of x3 as stated before.

Denoting the position vector of the axial point Ollhy R(x 3
), the position vector R(x3

, x"') of
the spatial point in the undeformed cross section with respect to the system x is given in the
form
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Fig. I. Elements and local coordinates.

Taking the tangent vector A3 on the axial curve C defined by
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(3.1)

(3.2)

into a unit vector without losing generality and the base vectors A.r into the appropriated
orthogonal unit vectors, the base vector G; at the spatial point and shifters M/ may be written
from [5] as follows:

(3.3)

where ea {3 is the two-dimensional permutation symbol and <t>; is given as follows:

(3.4)

Here K 1 and K 2 are the principal curvature and torsion of the axial curve C, respectively, and -&
is an angle between the principal normal of C and the coordinate axis x t.

The position vector R(x 3
, y€) of the spatial point with respect to y€ may be expressed as

(3.5)

in which { takes the values 0, 1, 2, 3, ... n, corresponding to the local coordinates y€ inclusive
of an auxiliary element. Because of the fact that the position vector R(x 3

, xQ

) with respect to
the axial coordinate system and the vector R(x 3

, ya) with respect to the local coordinate system
denote the position vector at the same point in the cross section, we can obtain the foIlowing
expressions from (3.1) and (3.5):

(3.6)

When the base vectors T3 and T€({ =0,1,2, ... n) are defined by

(3.7)

they are expressed as
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(3.8)

from (3.1), in which Ct is the rotation tensor of element gwhich expresses the relation between
T~ and A" and is defined as follows:

Ct ::: x",~.

The rotation tensor is given in general form as

Cl = x\~ = [cos e~ sin e~ OJ

(3.9)

(3.10)

with an angle (J~ between G t ( = At) and TEO> as shown in Fig. 2. The inverse of (3.8) is expressed
as

(3.11)

(3.12)

Substituting (3.8) into (3.6), the relations for transformation between the coordinate systems x"
and y~ are obtained as

(3.13)

Now denoting the relationship between the base vectors A" and a unit normal vector N~ on
element ~, which is taken in right-hand rule as shown in Fig. 2, by

(3.14)

the rotation tensor C~i can be given in

(3.15)

with the well-known rotation tensor. Meanwhile, indicating the relation between N~ and T~ by

(3.16)

the tensors ct and C/ may be written as

(3.17)

by means of C/ and (cth~ from (3.8), (3.14) and (3.15).
As the position vector r{x3, y~) of the spatial point with respect to )I~ in the deformed state

is expressed in the following form

1
x

f, .,=i\,

Fig. 2. Angle fiE'
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r(x 3
, y<) = iix3

) + y<t{(x 3
),
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(3.18)

the displacement vector V of the spatial point can be reduced to

(3.19)

from (3.5) and (3.18), where the displacement vector U(x3
) of the axial point and the displace

ment vector O{ of the base vector T{ in element ~ are defined as follows:

Therefore, the differentiations of the displacement vector V with respect to x3 and y< yield

(3.21)

Now denoting the vectors V, V, and O{ and their differentiations with respect to x 3 by

V= ViAi = ViAj,

V= UjAi = UiA;,
O{ O{iAj = !l<i Ai,

V.3 = Vill3A
i = V

i
ll3A i

V.3 =UiU3A
i = Ui

l13Ai

On =0{i1l3Ai =0{jfl3A;,
(3.22)

the displacement components Vi and Vi and the covariant derivatives Vi1l3, V
i
1l3, ViII< and V i

ll{

can be reduced to

Vi = Uj + y{O~;,

Vill3 = Uill3 + y~0~iIl3'

ViII, =O,i'

(3.23)

wherein Ui13' U i
1l3, 0N3 and 0/113 are given explicitly in

* *
Uill3 = Uj,3 - n3UkJ U

i
ll3 = U

i
.3+rbu k

* *k iii k0<1113 = 0'i.3 - r ilO,b Ow = 0,.3 +r k30,
(3.24)

(3.25)
* * *
rr3 = <1>,,5;3 +<l>3e"j, r;3 = - <1>,,5;", r~" =0

*and the pseudo Christoffel symbols r~3 which are defined only on the axial curve take the
values

from [5].
Since the position vector r(x3

, y~) in the deformed state may be written as

(3.26)

from (3.18) and (3.20), the base vectors t} and t{ with respect to the y system in the deformed
state are

t3 = r,) = T3 +U,) + lON' t, = r" = T, +0,.

Meanwhile, from (3.3) and (3.8), the differentiations of the base vectors T ~ become

(3.27)

(3.28)

4. STRAIN·DISPLACEMENT RELATIONS

The Cauchy-Green strain tensors are defined as

(4.1)
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with respect to the y system, in which the physical meaning of strain tensors El.T) is the
transverse normal strain of element ~ itself, corresponding to the stress tensor s'l., as shown in
Fig. 3, for g=. 1) and is the in-plane shearing strain between elements ~ and 1) for ~ ~ 1). Wherein
one has to realize that the strain tensors defined in (4.1) imply mean strains.

Employing 0.3), (3.8) and (3.25) in the above equations, the strain distributions with respect
to the y system may be obtained as

(I) (l) II)

E33 == E33 + yl.Em + yl.y T) E331,T)'
12) (2) (1)

E3, == E31, + YT) E31,T) , El,T) == E"" (4.2)

where the strain measures are defined as follows:

(I) 1 I

E33 = U3113 +ZUill3 U il3

(I)

E33l, = U 0113 + (c:t!ai + H,'1I3) Uil\l

(1) . 1 .
EmT) = <!::~l/Ja' +zH/1I3)HT)iIl3

mI'
E3, = Z(Hl,3 + U"1I3Ct + U iI13Hl.')

0) 1
E3l,T) = Z(Ci..l/J,/U:i + HT)<YiI3 C/, + HT)iiI3fi /)

0) 1
E,T) == Z(CtUT)<Y +CT)"Hl." + fl'iHT)i).

(4.3)

5. THE PRINCIPLE OF VIRTUAL WORK

Let us derive the governing equations of thin-walIed open cross sections through the principle
of virtual work. Since the strain tensors given in (4.2) have been defined as the mean strains which
neglect its thickness-wise variation, we need to consider the effect of this variation by either
assuming the thickness-wise variation of strains or adding the S1. Venant torsional moment to the
internal work. In the present paper the latter has been chosen for its simplicity as explained in[7].

The S1. Venant torsional moment T' of an element g is given by

Fig. 3. The physical meaning of ,,'".
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in which the torsional constant, J~, of the element ~ is

and the change in specific twist, w~, of the element ~ is expressed in
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(5.2)

(5.3)

by means of the unit vector N~(n~) normal to the base vector T~(t~) in the element ~ from[7].
Using (3.8), (3.15), (3.22) and (3.28), the above equation becomes

Hence, the internal virtual work done by the St. Venant torsional moment for thin-walled open
cross sections may be written as

f T~l)w~ dx3
= fJtl [Ml/H3C/T~fe.~; + (C-I)a'leA/ll)a/l0'ld]

+~I [c50/(C-l),}C'lAT'leA/lc5all[C'l"<I>3ei" + 0'1;1I3]]} dx 3
• (5.5)

The internal virtual work c5Wi yields

c5W; = f sabc5Eab dV = I'J[S338E33 +2s3~c5E3~ + s~'lc5E~'l] M dS dx3+I' T~ow~ dx 3

o s 0

(' (I) (I) (l) (2) _ (2) _ (3)

= Jo [N 33l)E33 + M~3c5E33~ + ii~OE33~'1 + 2l-;P~c5E3~ + 2M'1~oE3~'l + N~'l8E~'l +T~8wd dx3

(5.6)

by means of the Kirchhoff stress tensor sab, where the stress resultants and stress couples are
defined as follows:

N 33 =f S33M dS =i L S33M dSw
{=I W

MP = fs33y~M dS = i ( s33y~M dSw
{=t Jm

ii~'l =f s33y~ynM dS =f ( s33y~ynM dSw
~IJW

(5.7)
(for ~ real elements)

(for ~ real elements)

wherein since the shearing stress S3~ is defined in an element ~ only and disappears in the other
elements, the total integral in the cross section is reduced to the integral in the element ~ alone.
Meanwhile. the stress tensor s~ is the component of tbe stress vector S~ in the element ~ with
respect to the base vector T'1 in an element 11. as shown in Fig. 3. Employing (4.3) into (5.6). the
internal virtual work can be expressed as
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(5.8)

where

(2)

A<i =; M- <)(~ i + Ui )+ M-<TJ(C i + D i) + jj<TJ(C "'l' i + D i )U3 II) TJ TJ TJ" TJ II)

"+ 2: Sii(C- I
)"<CTJAyTJeAj30 "j3( C/<l>3ejp. +nTJjIl3].

TJ-I

Meanwhile, the external virtual work SWe may be written as

*
awe=;f(P-C)SVdV+ f T8VdS,

v JSrr

(5.9)

(5.9)

(5.10)

in which p(x), y<) and c(x3, y<) are the external force and acceleration per unit area in the
undeformed body, respectively, and S". is the boundary surface at the end points where the

* *stress vectors T are prescribed. Now denoting the components of p, c and T with respect to the
base vector Ai by

c c'A;, (5.11)

and using (3.19), we hold that

where

pi =; JpiM dS =; i 1piM dSW

(-1 (()

c i = f ciM dS i ( CiM dSW

(-1 J(()

m<i = f piy<M dS = f f piy<M dSw
~1J(n

{j<i = JelM dS = f f Ciy<M dS«()
~1 Jw

~ =; f-j.M dS f { ;iM dSw
~Jw

* f * "i *Mi
=; Ty<M dS = 2: Ty<M dSW .

(-1 In

Employing (5.8) and (5.12) into the principle of virtual work

SWi-SWe =0

gives the equations of motion and the boundary conditions as follows:

(5.12)

(5.13)

(5.14)
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The equations of motion:

8Vi: [N 33(83
i + Vi83) + N3f(Cf

i + Ofi) + M~3(Ct'"ai + 0,i03)]13 + pi = c i

-f3' . -frr . . -frr . .
80fi :[M (83'+V'03)+M (C"'I'+0"'l')+B (C"'Ia'l'a'+O"'l'13)

+ 8ii8<1>fC,/T<I>{eAj + (C-I)a"'IeA~8a~O"'lj}]N3 - N 3f(83
i + V i

03)- Nf"'I(C"'Ii + O"'li)

n

- M"""(C"'I°"'oi + 0~1I3) - L 8ij(c-t)afC"'IAT""e).~8°~{C"'IP.<I>3ei" + 0"jJ3} + mfi = b~i.
"'1=1 ----
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(5.15)

(5.16)

The boundary conditions: at x3 = I

* *
N i = N 33(83

i + V i
83) + N3~(C,i +Ofi)+ M~3(Ct'l'oi+ 0/13) or Vi = Vj (5.17)

* *Mti = M<3(83
i + V i

I3)+'Mf"'I(C"'Ii + O"'li) + jif"'l(C"'I°'l'oi +0~3)orOfi = O~i

+ 8ijSq/C<I>AT<I>[e"j + (C-I)o"'IeA/lSO/l0"'lj] (5.18)

* *If the prescribed stress resultants If and stress couples AF at x3 = 0 are chosen in the

* *opposite direction to the positive direction of displacements Vi, namely, conversely If and Afi
at x 3 = I, as

* *If -+-If
at x3 = 0, (5.19)

then the boundary conditions at x3 = 0 are reduced to (5.17) and (5.18).
Although the stress resultants and stress couples given in (5.7) are expressed in the forms

with respect to the local coordinate system, namely, the micro forms except for N 33
, but in the

theory of rods the macroscopic expressions with respect to the axial coordinate system x are
generally employed. Now defining the macroscopic stress resultants and the macroscopic stress
couples in the bivector form as

N 30 =f s3~CtM dS = [If) s3(M dSWJCt

Mo3 =fS33xOM dS = i f S33xOM dSW

'=IJW
Mila =f s3~Ctx~M dS = [Ll s3~x~M dSwJCt

Ba/l =f s33xax~M dS = i f s33xax~M dSw
'=IJW

Na~ =fsf"'lC ac ~M dS =~ I sf"'lM dS(C1C ac ~, "'I £J f "'I'
'=1 W

(5.20)

the relations between the micro- and macro-expressions for stress resultants and stress couples
may be obtained as follows:

N3~ = N 3a(c- l)a<

Nfrr = NO/l(C-')o~(c-')~"'I

Mf3= Mo3(C-I)af

M""" = MIla(C-I)a~(C-I)~"'I

jif"'l = BO/l(C-')a~(C-')~"'I.

(5.21)

The stress couples Mj in the dual vector used generally in rods are expressed as
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Mj = M"'e"i) + Ti5/, (5.22)

wherein T is the St. Venant torsional moment given by

"T = 2: T~.
£ 111

(5.23)

Hence, from (5.22), the bending moments M13 which are defined the clockwise rotation with
respect to x13 as the positive are

and the torsional moment M3 is

M - M") ~ M-~)e"
13 - eilo - £ el3" (5.24)

(5.25)

Similarly, the external moments in the micro-form given in (5.13) are concerned with the
macroscopic expressions by

m"i = m!;iet

b"i = fj€iet
* *'
M"i = Wiet

m!;' = m"i(e- I ),,<

b£' = b"i(C I ),,13

* *Wi = M"i(C I),,!;

(5.26)

and may be related to the dual forms as follows:

mj = m"'e"ij = m!;iet;"e"ij

b) = b"'e"i) = b!;ieteaij
* * * .
Mj = M"i eaii = j;fiet;"e"'ij.

6. CONSTITUTIVE EQU ATIONS

The Kirchhoff stress tensors sab may be expressed as

(5.27)

(6.1)

with the Cauchy-Green strain tensors in the absence of a prescribed steady temperature field.
For an isotropic body, the elastic tensors eabed are given in

(6.2)

with the metric tensor T ac in an element f
Hence, substituting (6.1) into (5.7), the constitutive equations are given in Table 1 with the

constants] defined as follows:

10
] abcd

w
] abcd!;

w
] abcd!;TJ

({)
] abcd~TJ<P

(6.3)
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Table 1. Constitutive equations

(1) (l) (1) ! (2) (2) (J)
E

JJ EJJ~ E<oJ~~
i " EJ~n E~T1uJ~

n (~~JJJ (~~JJJ~ (;t"".3~n : ! ';~JJ~ (r ~ I(;h~T1NJJ; ~~1{ J J .2 J 2 ; JJ~n )

M$J;
n (;t:m (~3JJJ~$ (~3 (~hJ~$ (~3 ';3J~n$
~~/ J J J,)J~n$ 2 J 2 J JJ~n$ )

jj$v;
n (j3JJJ$V (~~ 7) 7 - $ (~h77~ I (~~JJ (q ';~J~n$V
~~1{

J ,>, U(' V J"UU n$v '2 J ~$v 2 J,JJ~n$v )

•

!

NJ~; (i;3rJJ (~3~JJ[ (~~ I (~3 7~ (~3 I ',~3~~n{ J' " J' J",;JJi;n 2 J ~v 2 J ~Ji;n )

I

(;3~JJ$ (~3~JJ~$ (;~i;JJi;n¢ i/;~~Jf;$ (~~ ! ' 3
rig; { 2 J ~J~n¢ i ; ~i;n¢ )J !

n (i;!,¢JJ (~)
(;~¢J3i;n

I :~) (~) !1;)
,ij'J¢;

~~1{
J\,¢JJr, I~ Jv¢Ji; 2 Jv¢J~n JV¢i;~ )J' I •

I

(for i; real elements)
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7. SIMPLIFIED NONLINEAR THEORIES

The derived nonlinear governing equations for spatially curved beams of thin-walled open
cross sections are summarized as follows: the strain-displacement relations (4.3) for strain

(\) (\) (I) (2) (2) (3)

measures E 33, E33~' E33~'1' E3~' E3~'1 and E~TI' the equations of motion (5.15) and (5.16) for
displacement components Ui and n~i' the constitutive equations Table 1 for stress resultants and
stress couples N 33

, Mlb3
, Bib", N3~,M,g and N'Ib, the boundary conditions (5.17) and (5.18).

The purpose of the present section is to discuss the usual allowable classical hypotheses of
rods by means of the present analytical model and to present the approximations of the derived
governing equations by means of these constraints.

For classical constraints, we can hold the following assumptions about the present model:
(1) The transverse normal strains for each element are ignored, i.e.

(3)

E~ =0 (for ~ =11).

(2) The in-plane shear deformations between elements are ignored, i.e.

(3)

E~ = 0 (for H 11).

(7.1)

(7.2)

(3) The perpendicularity of each element is conserved, namely, the transverse shear
deformations are ignored, i.e.

(2)

E3~ = O.

(4) Warping in each element is ignored, i.e.

(7.3)

(7.4)

Among these constraints, combining assumptions (1) and (2) implies that there is no change of
cross sectional shape, namely, that there is an absence of local deformation, and it is considered
to be the most universal hypothesis of rods. But although thin-walled open cross sections
produce local deformations unlike solid sections, it is necessary to present a more accurate
theory of rods involving local deformations.

SS Vol. 19. No. 12-0
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The assumption based on a combination of 0)-(4) is the Bernoulli-Euler hypothesis which is
used in the elementary beam theory. A hypothesis which includes all but (4) of the Bernoulli
Euler hypothesis is used in the Vlasov theory. The Timoshenko beam theory employs the mean
value for the transverse shear deformation instead of excluding (3) alone from the above
constraints, but only the theory except (3) is more exact than the Timoshenko beam theory because
it has a lot of freedom in the transverse shear deformation.

Meanwhile, although the thin-wall of the body has been already employed in the for
mulation, we may hold the thinness assumption defined as follows:

(5) The size of the cross section is smaller as compared to the radii of curvature and torsion
of the axial curve, i.e.

x"lR q 1 or x"<p; q 1. (7.5)

This assumption can be used independent of the above-mentioned classical constraints. From (7.5)
we can be approximate as follows:

M/=(j/, M = 1,

and the governing equations can be simplified as follows:

(7.6)

7.1 Approximation 1
Let us try to present the approximate equations under the thinness assumption (7.5).
(1) Strain-displacement relations. The underlined terms of (4.3) are negligible.
(2) Equations of motion and boundary conditions. The equations of motion and the

mechanical boundary conditions are negligible in the underlined terms of (5.15)-(5.18).
(3) Constitutive equations. It follows from (7.6) that

and

Hence, the Kirchhoff stress tensors sJJ, sJ< and s<'l are reduced to

SJ3 = (2G + A)EJJ + A(j<'lEl;'l

S3< = 2G(j<'lEJ'l

s<'l = A(j<'lE3J + (2G(j<<b(j'l< + A(j<'l(j<<b)E<<b'

(7.8)

(7.9)

Employing the above stress-strain relations into (5.7), we may obtain the constitutive equations
of simplified Table 1. But, in view of the practical use, it is necessary to present further simpler
constitutive equations than the equations given by the above-mentioned method. Therefore we
can use the following engineering stress-strain relations which are accurate enough for practical
usage:

sJJ = E E3J

S3< =2G E3i;

s<'l = 2G E<'l'

(7.10)

The simplified expression for s<'l in the above equations is obtained by assuming that the
Poisson's ratio is zero. The reduced simplified constitutive equations are given in
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M<I>3 = E[[</>E33 + [t</J E33t + [tTt<l>E33t'1J
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(7.11)

_ 3{ (m2J tel (2J
N = 2G[AE3{ + ['lE3{'11

_ III (2) III (2) (no sum on ( and for ( real elements)
M<I>{ = 2G[ [ </JE + [111/> E 1

3{ 3{'1 '

where the constants are defined as follows:

W W
A 1 A A
tel ({1
[t y{ [€ [

W

=LJ
n tel

[€'l y~y'l dSwand [€'l
=~l

[{'l (7.12)

III tel
[€'l</J y~y'1yl/> [~ [€'ll/>

({~
[~'ll/>v

({l
[ v y~y'lyl/>yV [ Tt<I>v

7.2 Approximation 2
In the preceding clause the simplified forms for the nonlinear theory with local deformations

have been represented by means of the thinness assumption. In order to obtain the further
simplified governing equations, we suppose that local deformations are negligible, i.e. the cross
section does not change its shape, in addition to the thinness assumption. This assumption may
be expressed by (7.1) and (7.2). Hence it follows that the displacement components n~i must
satisfy the following expression:

(7.13)

(3)

and that the stress resultants N€'l corresponding to the strain measures E€'l may be put as

(7.14)

Hence, the set, of governing equations stated in Section 7.1 can be simplified in the expressions
(3)

of omitted terms involving the strains E€'l and stresses N€'l, which are indicated as doubly-

underlined terms.

8. LINEAR THEORY

Although the linear theory can be easily presented from linearizing the nonlinear governing
equations, the present Chapter states the linear theory corresponding to the simplified nonlinear
theories.

8.1 Linear theory 1
The linear theory under the thinness assumption can be obtained from Section 7.1 as

follows:
(1) Strain-displacement relations. It follows from (4.3) that



Ion

(I)

E33 == U11!1,

(2)

E3~ == ~ [fl~3 + Ua113Cn,

(.1)

E~TJ == ~ [CtflTJa + CTJafl~a]'

The strain distributions are reduced to

dJ

EJ3~ == flO1l3 '

(2)

E3~TJ == ~nTJaIl3Ct,

(8.1)

(8.2)

(8.3)

(1) (I)

E]3 == E 3] + l E33~

(2) (2)

E]f == E3f + yTJE3~TJ (8.4)

Since it is sufficient to consider only the stress resultants and stress couples corresponding to
the strain measures given in (8.1)-(8.3), the stress couples of high order, B~TJ, can be ignored.

(2) Equations of motion, boundary conditions, and constitutive equations. From (5.15) to
(5.18), the equations of motion become

oUi : [N 3303
i + N3~Cti]113 + pi == c l

ofl ti : [Moo]i + MtTJCTJ
i +oiiOq,tCd>Arq,eAi]1I3 - N3to/ - fitTJCTJi + m~i == btl

and the boundary conditions are

(8.5)

(8.6)

* *
N' == N 3303

i +N3tCt
i or Uj == Ui (8.7)

* *Mi == MOo3
i + MtTJCTji + oiioq,tCq,Arq,eAi or fl ti == fl ti. (8.8)

The constitutive equations are given from (7.11) as follows:

II) III

N 33 == E[AE33 + It Em]

(.1)

Nud> == 2GAEuq,

(no sum on ~ and for ~ real elements)

(8.9)

8.2 Linear theory 2
Ignoring local deformations in addition to the thinness assumption, we can obtain the linear

theory corresponding to the nonlinear theory given in Section 7.2, The derived linear theory
corresponds to the well-known classical theory.

It follows that, if we ignore local deformations, the displacement components fl ti must
satisfy the following constraints:

(8.10)

Hence, the governing equations for the present linear theory may be expressed in the forms of
the omitted underlined terms in the preceding results,
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9. EXAMPLES

In order to examine the derived theory, the problems in the twisting of straight cantilevers
with a doubly symmetric H section and with a channel section, which are composed of an
elastic and isotropic material without initial imperfections in Sections 9.1 and 9.2, respectively,
are solved by the linear theory without local deformations derived in Section 8.2. Further in
Section 9.3 we state the numerical example of the derived nonlinear theory on the elastic beam
under uniform bending. These examples are a useful means of showing the reliability of a given
model.

9.1 Torsion of a doubly symmetric H section •
The cantilever is subjected to twisting moment, M3, on the axial point at x3 = I, as shown in

Fig. 4, and its warping is restricted on the fixed end at x3 = O. In the constraint of warping at
x3 = I, case 1 restricts warping while case 2 allows it. Since there is the problem of torsion, we
may consider n~i only for displacement components and the needed boundary conditions
become

*
M3 =M3 at x3 = I

n~i =0 at x3 = I (9.1)

n~i=O at x3 = I for case 1

MI3 =O at x3 = I for case 2.

For straight beams without initial imperfections, the covariant derivatives are reduced to the
partial derivatives.

(I) Coordinate systems and base vectors. Choosing the axial coordinate axes Xi to be the
principal centroidal axes, as shown in Fig. 4, the auxiliary element "0" becomes unnecessary.
The base vectors Th T2 and T3and local coordinates y\ y2 and y3 for each element are shown
in Fig. 5. The values of y~ are given in Fig. 6.

(2) Rotation tensors Ct.

element 1 8 I = 2700

element 2 62 = 00

element 3 83 = 900

Ct = (C-1),,1 = - fJ2"

Cz"(C- t),,2 = fJ 1"

C3" = (C- I),,3 = fJ2"

(9.2)

(3) Constraints by ignoring local deformations. Based on the neglect of local deformations,
the displacements n~" must satisfy (8.10) as follows:

(3) (3) (3) (3) (3) (3)

Ell = En = En = E2z = E23 = En = O. (9.3)

Solving (9.3) under (9.2), the torsion of the cross section is, as is well-known, expressed by the
angle of torsion, n22, only. Therefore

Fig. 4. The twisting of a cantilever beam.
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1'.' I,.

l'~..~.. ,'; y.;
I 2 Y- 2
h . _-;.x

1 T i

yl

k·.... h .. -;.{

Fig. 5. Local base vectors T" and local coordinates I'~.

Fig. 6. The values of local coordinates I'~

(4) Strain-displacement relations. It follows from (8.1) and (8.2) that

(l) (2).

EDt = fl t3 ,3 E 3t = ~flo

(2) (21 (2)

E31 T) = ~flT}2'3 E32~ = ~fl~t" E33~ =1fl~2'3'

(5) Equilibrium equations for warping flo. From (8.6), we hold that

(9.4)

(9.5)

o. (~= 1,2,3), (9.6)

(6) Constitutive equations. From the simplified expression of (8.9), we have

- 23 (h 2
(I) (21 22 h2(3))

M = E '4 A + I + '4A fl 23 >3

R3t = GA (flo +IH22,J) (~ 1,3)

- 32 (2)

N = GAH23.

(7) Relations between fl 22 and fl~3' The substitution of (9.7) into (9.6) is

(9.7)

(9.8)

(9.9)

(9.10)

Since the coefficients of the differential equations (9.8) and (9.10) have the same values for
t I t J , it can be concluded that
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Hence, 0n,3 is obtained from (9.8) as

(I)

2 [BIll ]0 22,] = Ii -(1-) Onm - 013 .
GA

Meanwhile, the differential equation (9.9) for 0 23 becomes

(9.12)

(9.13)

under the present boundary conditions.
(8) Equilibrium equation for warping. Using (5.25), the boundary condition for the torsional

moment M] is

From the constitutive equations the torsional moments due to warping may be written as

(I)

- 21 - 23 GAh [ h 0 ]M =- M =- -2- fin +"2 22>3 (All others are zero).

Meanwhile, the St. Venant torsional moment T is given by

(9.14)

(9.15)

(9.16)

The above equation is also obtained by substituting the expression linearized (5.4) for the angle
of rotation, (J)~, of element ~ into (5.23). Hence, employing (9.15) and (9.16) into (9.14), the
torsional moment M3 is reduced to

(9.17)

Using (9.12) into (9.17), the equilibrium equation for warping becomes

with

where C", is defined as

2 GJ
p = BC",'

(9.18)

(9.19)

(9.20)

For usual structural members, since the underlined term in (9.20) is smaller in comparison than
the first term, we can usually neglect the second term and the reduced result agrees with the
well-known warping torsion stiffness constant.
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(9) Solutions of the warping parameter, 11 13 , and the angle of torsion, 11". The general
solution of 1113 may be given in

(9.21)

from (9.18), and the angle of twist per unit length, 1122 ,J, yields

(9.22)

by substituting (9.21) into (9.12). For usual members, since the underlined terms in the above
equation are negligible when compared to unit, we can approximate (9.22) as follows:

n M3 1· 3
U22,3 = - GJ rC t cosh px + C2 smh px - I].

Therefore, the warping parameter is expressed approximately as

(9.23)

(9.24)

from (9.21) and (9.23). Namely, it implies that the parameter 11\3 referred to the local
coordinates selected as shown in Fig. 5 takes the negative value. From (9.13) and (9.24),
warping at y 1 = bt2 in the bottom flange takes the value

(9.25)

As compared to the Vlasov theory, (9.23) and (9.25) agree with the equations for torsion and
warping, respectively, when the St. Venant warping function ip, is given as shown in Fig. 7.

(10) Stresses. The normal stress S33 is given in

Explicitly,

II)

S33 = EE33 = E:/ E33~' (9.26)

S33 = Ey 111\3,1

S33 == 0

S33 = Ei1133 ,3 = Ey 311\3.,

for top flange

for web

for bottom flange.

(9.27)

for top flange

Similarly, the shearing stresses S3{ due to warping take the form

S31 = G [ 11\3 +~ 1122,3]

for web (9.28)

33 [ h n ]S = G 1133 +'2 Un,3

I
AX

for bottom flange

~~:E~
-4 -

Fig. 7. St. Venant warpmg function
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from (9.7). Using (9.8), the above equation may be rewritten as

(1) (ll

EI Il EIllh
S 31_ S 33- n - n- - -(-1)- 13,33 - - --(1-)- 22,333,

A 2A

wherein the distribution of shearing stress S31 is expressed as

1083

(9.29)

(9.30)

1

1"

by means of the well-known coefficient K. At the end points it takes S31 == O. The total shearing
stress can be obtained as the sum of the shearing stress due to the St. Venant's torsion and (9.28) or
(9.29).

9.2 Torsion of a channel section
Let us consider twisting of a cantilever with a channel section, as shown in Fig. 8, under the

boundary condition which is common with H section.
(1) Coordinate systems and base vectors. Since the axial coordinate system Xi is chosen on

a straight line which is not in the cross section, as shown in Fig. 9, the local coordinate system
requires an auxiliary element O. It is shown that the local coordinate axes yt and its values are
given in Fig. 9 and Fig. 10, respectively.

~dl€c

a=================~~,;I~"a koHl

lu-u---
~ ,2

Fig. 8. The twisting of a cantilever beam.

I
x

1

\1
~'

L
"

Fig. 9, Local base vectors T{ and local coordinates y{,

Fig. mThe values of local coordinates y',
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(2) Rotation tensors Ct.

H. TAKABATAKE and O. MATSUOKA

element 0 eO = 270°

C, ol!
-I

element 1 el = 0° 0
element 2 e2= 90° 1 (~ = 0, 1,2,3.)
element 3 e' = 90° .0 1

(9.31)

(3) Constraints from the absence of local deformations. Substituting (8.3) into the following
constraints

gives

(3) (3) (3) OJ (3) (3) (J)

Eoo = Ell = E22 = E33 = EOI = E 12 = E 13 =O (9.32)

11~i =

1101 0
o 1101

-1101 0
-1101 0

(9.33)

(4) Strain-displacement relations. It follows that

(I) (2) (31

E,,~ = flo", E3~ = ~ 11 0 , E3<A = ~ 11T)Q"Ct

(5) Constitutive equations.

(I)

NJI
= GA[DlJ + d11o!>J]

where

h2 (J) h2 (2) (3)

1= 12 A +"4 (A + A).

(6) Equilibrium equations for warping 11n .

M03 ,J=O
MO,3 - N3~ = 0 (~= 1,2,3).

(2) (3)

Substituting (9.35) into (9.37) and noticing that A = A is, we obtain

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)
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Therefore, the equilibrium equations (9.37) are reduced to

Solving (9.39) under the boundary condition (9.1) is

UIl3 = O.
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(9.39)

(9.40)

(9.41 )

(9.42)

(7) An equation for torsional moment. From (9.1) and (5.26), ti,e torsional moment M} is
obtained by

(9.43)

Employing the following torsional moments due to warping

and the St. Venant torsional moment

T = GJUOIl }

into the above equation yields

(9.44)

(9.45)

(9.46)

(8) Solutions of warping parameters, Un and U2}, and the angle of torsion, UOt. The
unknowns, Un, U23 and UOI , are given by solving (9.40), (9.41) and (9.46), but it is impossible to
solve these easily because of the coupled forms in the equations.

Then, in order to convert these field equations into uncoupled forms, let us suppose that the
distance, d, is a constant value satisfying the following expression:

Un +dUo),) = O.

Employing (9.47) into (9.40), we have

Substituting the above equation into (9.41) gives

Therefore, using (9.49) in (9.46), the equation for UZ3 is reduced to

r\ 2r\ M1
H23,33 - P H23 = G~

(9.47)

(9.48)

(9.49)

(9.50)
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with

The general solution of (9.50) is

H. T;K;H\J.\KI and () MAfSI'OKA

J
(2) (2)

b2(b 2A+ J)(!_b2A)
2 3 81

2J
a = hP"'

(9.5!)

(9.52)

n _ M3 h [C .' . 3
H23 _. GJ"2 I cosh poX + C2 smh px - 1].

Hence, from (9.49) and (9.53), 0 0 ),3 is given as

where C3 is defined as

(9.53)

(9.54)

C3=-(h 2
(2) )'"-A+J2 -

Therefore,

(
h2 (2) )

since T A :P J . (9.55)

By using (9.54) or (9.56) into (9.47), OJ} is

n M3 d[C ' . 3HI3 '" GJ 1 cosh px +C2 smh px - 1].

(9.56)

(9,57)

Since 0 23 , 0 13 >3 and 0 13 given here are presented under the constant distance, d, selected as
satisfying (9.47) in order to uncouple the field equations, let us try to find such a "d". Based on
the condition that the expression for 0\),31 given from (9.48) must agree with the one from
(9.57), we have

b h
2

(2) )d = - - (- A + J '"21 2 -
bh2121(. h2

(2) ,

4fA smce TA:PJ). (9.58)

The reduced expression agrees with the shear center. Hence it reconfirms that the shear center
plays an effective part in uncoupling the torsional rotation and warping in the linear theory
without local deformations.

9.3 Uniform bending of a doubly symmetric Hsection
For the numerical example of the derived nonlinear field equations, we show that the simple

problem of an elastic beam consisting of a doubly symmetric uniform H section, with the initial
imperfection, is subject to uniform bending at both end-moments. The numerical method
employs the finite difference method, which divides the beam into 20 equal parts. Also it is
assumed that the initial imperfection has a sinusoidal rotation about the centroidal axis x 1

,



Fig. II. Moment-displacement relations.
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Hence

- . 7TX . 7TX ( - .
Ih = e2 + eo sm T = eo sm fh = 0 m the present state).

Figure 11 is the moment-displacement relations of the numerical results for both the further
simplified nonlinear field equation without local deformations which was derived from Section
7.2 and the corresponding linear theory in Section 8.2. It follows that the vertical deflection, li h

shows smaller nonlinearity in an elastic beam regardless of initial rotations but that, for the
lateral displacement, liz, the smaller the initial rotation is as compared with the perlect beam,
the more nonlinearity the beam takes. For practical beams, however, the moment-displacement
relations may show a tendency to soften in order to decrease the stiffness of the cross section
because of plasticity.

The vertical deflection, Ub at the midspan in the linear theory for the perfect beam agrees
with the elementary beam theory and it follows that the elementary beam theory shows
relatively good approximation for the vertical displacement of the linear and nonlinear elastic
theories with comparatively small initial rotations. Also it is shown from the numerical results
involving local deformations for the same problem that local deformations have negligible order
in elastic beams as compared with the vertical and lateral displacements, because the stress
exceeds the yield stress locally in local deformations.

10 CONCLUSIONS

A set of governing equations for the large displacement theory of spatially curved elastic
beams of uniform thin-walled open cross sections consisting of straight rectangular elements
has been presented explicitly in the Lagrangian form. In the present paper Epstein and
Murray's analytical model has been extended so as to choose arbitrarily the axial curve of
beams by the use of an auxiliary element when the axial curve is not located on the middle line
of one of the straight rectangular elements. And it has been shown that Epstein and Murray's
model can easily be extended to include local deformations, i.e. in-plane distortions of the cross
section by getting rid of a certain number of constraints. Further, the simplified governing
equations for the nonlinear and linear theories with and without local deformations have been
derived from the governing equation by means of the thinness assumption. It has been shown,
in order to illustrate the reliability of the proposed model, that the reduced linear theory without
local deformations which is subject to the thinness assumption agrees with Vlasov's linear
theory.

The general theory involving the local rotation for thin-walled open cross sections has been
systematically formulated on the basis of the extended analytical model. Hence, by applying the
present theory to problems such as the local buckling of beams and the torsional and
torsional-flexural bucklings of columns and bean -columns, the behavior of local deformations
should be clear.
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